Notes By Ibrahim Al Balushi

Lecture 16

Dirichlet Problem for Poisson eq.

Au=f inQ
u=g on 0f)

If Av = f, then w = u — v satisfies

Aw =0 in
w=g—1von 0

We need u € C?(Q) N C°(Q). Our candidate

But f € C(Q) is not sufficient; Ju ¢ CY(Q) s.t Au € C(f). This leads to the notion of Holder
continuous spaces. In particular, we will show that the integrability and boundedness of f can only
guarantee a function v € C! in the integral expression above. It will be established that a necessary
condition for u € C? which solves Au = f is that f must not only be continuous, but also Holder
continuous. The uniqueness will of u, should it exist, will also depend on the boundary of €2, as

described in the discussion above.

Definition 1. Let f : Q =R, y € Q, 0 < a < 1. The function f is said to be Holder continuous at

y with respect to exponent o if

[f(x) = f(y)]

sup —————— < 0.
zeQ ‘.’E - y|a

We write, f € C**(Q), where k denoted order of continuous differentiability.

We define a seminorm by
f@) — fly
Floni = sup |f(z) = f ()l

T,y |z —y|*

)

and we define a norm on C*% by

I fllere) = I fller@) + [ floa)

For convenience we will adopt the following notation:

Hf”k,a;ﬂ = Hf”Ck’a(Q)

Note that if f € C%® then we write f € C*. Meanwhile if f € C*? then we write f € C*.

(2)



Newtonian Potential

Definition 2. For any integrable f on domain ) we define the Newtonian potential of f as a function
w defined by

w(z) = / E(x — )/ (y)dy. (5)
Q

where E(x — y) defines the fundamental solution for the Laplacian.

Suppose f is defined to be the right hand side of the Laplace equation, then w(x) would define
the solution for Au = f, ie w := u. By this definition, we may deduce information and estimates on
derivatives of u by studying the behaviour of integral (5). These estimates will form basis for Schauder
estimates and the extension of potential theory from the Laplace equation to general linear elliptic
PDE’s.

Theorem 1. Let f be bounded and integrable in (2, and let w be the Newtonian potential of f. Then
w € CHQ) and for any x € Q,

Oiw(x) = /&E(m -y fly)dy, i=1,..,n. (6)
Q

Proof. Choose 1 such that n € C*(R), >0, n=00n[0,1] n =1 on [2,00) and define n(t) =7 (1),
for some € > 0,

we(z) = / E(x — yne(|z — ) F(w)dy (7)
Q
is clearly in C'*(Q). now,
wele) = wle)| = | [ B = p)lne — o) - 17 ()dy (8)
Q
< fl / B — y)lIne(l — o)) — 1/dy (9)
Q
(10)

note that n.(|z — y|) — 1 = n(e !z — y|) — 1 = 0 whenever |z — y| > 2¢ so we have

— 11l / B — y)ldy

|z—y|<2e

by change of variables |z — y| = r we have

2e

c .
Il [ g e < O

0

Hence w, — w uniformly in 2. Constant C'is a result of higher dimensional polar integration; f o Pdo,
 being change of variables Jacobian determinant. Now let

oz) = / OBz — ) [ (y)dy (11)
Q



We aim to assert the final statement. Naively, one may immediately attempt to employ Liebnez
rule by differentiating under the integral, however E(z — y) is not continuous nor bounded whenever
2 —y = 0. This is essentially why we make use of 7(t) where we cut out that region for some € > 0.
This then allows us to invoke Liebnez rule and showing that the result holds at the limits.

Ouwee) = ula)] = |5 / B~ y)ne(le — o) Fw)dy - / PR )0y (12)
B / ne(lz —yl) f dy+/E 6776 |xx_ yDT;_‘sz(y)dy (13)

Q
/ o )dy\ (1)

Q
iy + [ Bomlle =) 7= iy (15)

Q Q Y
2e 2e
ot Ti — Yi

< Cllfll / —— / By i)y (16)

= Oiw. — v; uniformly

A stronger result occurs should f be Holder continuous on §2 as well. In particular, the Newtonian
potential becomes C? instead of C'! by the conditions above.

Theorem 2. Let f be bounded and locally Holder continuous with « € [0,1] in Q, and let w be the
Newtonian potential of f. Then w € C*(Q), Aw = f in Q, and for any x € Q

0;0jw(x /@jE x—y)(f(y) — f(z))dy — f(z) / O, E(x —y)vi(y) dSy, 4,j=1,...,n. (17)
Q a9
where ' D Q for which the divergence theorem holds and [ is extended to vanish outside §)

Proof. The proof of regularity is similar to the previous theorem, however the crucial step is when we
use Holder continuity. Define the RHS of (17) by p(z) and set v = d;w so for € > 0 define

_ / 0E(w — ynelle — ) F(y)dy (18)
Q

We can write the difference

)=o) =| [ g {0l =g B [0 - ey (9

z—y|<2e
Holder continuity implies |f(z) — f()| < [flawlz — y|® (20)
0 5}
<Ulw [ g {i-nte-slgrre-n}le-sra @)
|z—y|<2e



To assert the solvability of Aw = f we will set Q' = Br(z) where R is sufficiently large in (17) we
have

bw=Y [ BEC-9UW - f@)dy-1@) [ 0B@-yuas, ()
" Br(x) 9Br(z)
S ) (23)
—_———
Br(z)/Bs(x) =0
v [ TEEe-wiw - f@)- f@) [ o, ds, 49
Bs(x) ° 9Bg(x)
——
as*z{gO
—-i@) [ o, (25)
OBR(x)
taking v; = —T; : ‘zi we have, (26)
W@
- s [ S, (27)
lz—y|=R
= f(z) (28)
O

Lemma 1. u € C1(R") if € C(2) N L>=(Q). Moreover, ||ullc1 < C||f]loo-

Proof.
Ue —> U
Oiue — v;

u(x + he;) — u(x) = ue(x + he;) — ue() + 0.(1) (29)
= hOjue(z + h'e;) + o0.(1) (30)

= hv;(z + h'e;) + hoc(1) + o0e(1) (31)

= hv;(z) + hoc(1) + o.(1) (32)

(33)

vie(@) = / OE(x — yye(le — yl) f(y)dy

Q N



v; ¢ — v; uniformly.

ON __oN

Byi 83;]-

Osvie (z) = / AN (f(y) — f(2))dy + f() / ONdy F = Nes— divF —
B B

[ s s [ (-

B
s

for B large enough

~ @ - r1oN - f@) [vidi
B

0B

i) = [ B~ )i ) - fldy - é F@,0.B( — )y

B

Brvic — viy () = / @) — F@) 05|z — yl) — 1)O:E(x — )] dy
—_————

w B A
A=n Ti —Yi
- €
|z — yl
C C
Al < 67“"_1—’_7‘72

suppose |f(y) — f(z)] < w(|z —yl)

2e

2e
n—1 n—1
D S/Cw(r)r dr +/C’w(r)r dr
0

ern—1 rn

0
o [ Gl [ OMOy
€

r

Definition 3. f € C(Q) is called Dini continuous if VK C Q compact, Jw : R, — R, integrable s.t

[f(@) = fl <w(z—yl) VoyekK
and that 3R > 0, fORw(r)r’ldr < o0
Example Holder continuity w(r) =r%, a € (0,1).

Theorem 3. u € C%(Q) if f is dini continuous in )

Lecture 17

Last time
Q bounded domain, f € C(Q)



If f is Dini in §2, then

9;0uu(z) = [ [f(y) — f(@)K(z —y)dy — f(z) | v;0iB(x —y)d" 'y
/ !

B2 Q, K =08;0;F, extend f by 0 outside of Q. u € C?(Q2)

Theorem 4. If f is Dini in Q, thenu € C*(Q)UCY(R™) and Au = f in Q. In addition, if f € C**(B)
and ) C B, then
[ullez < Cllfllca(s)-

Proof. We have

Au(z) = Z@iﬁiu(x) (38)
= [ OYo0Ec-vay- 1@ [ SuoEe-pey @9
OBR(z) : 8Bgr(z) °
=0
1 T —Yi Vi
8¢E r—1Y)= = —
N e
where —v; = T’:”’
z—y|
dn—l |Sn—1‘Rn—1
2 / |Sn1||z — y[n—1 |Sn—1|Rn—1 = Au(z) = f(z)
lz—y|=R

bound for :

10,0,u(x)| < / [Floelz — 91|z — y|~"dy + | f(z)|C
B

[fla,z == Supyep % and |f|ce(p) = sup,ep|fla,e we have

[ fllcey = I fllcas) + | floa(m)
O

Theorem 5. Q bounded, OS) regular everywhere, f € C(Q) Dini in Q, g € C(0). Then Iu €
C?()NCAQ) s.t

{Au =f inQ
u=g ondQ
Proof.
o@) = [ B=u)idy — ve X Cl @)
. Then solve

Aw =0 in
w=g—v on Jf)



= u=v+weC}(Q)NCH)

Au=Av+Aw=f inQ
u=v+(g—v)=g on 0N

Second Order Elliptic Equations

Lu= Z ai;0;0;u + Z b;j0ju + bou
] J
aij,br € C(Q). A = (a;;) is Symmetric Positive definite : A\1]¢|? < ¢TAE < A, |€| where V€ € R™
and A\; and A\, positive constants. Uniformly elliptic.
Given the conditions above, at each zg € Q, 3Q € O(n) s.t

QA(z0)QT = A diagonal

A =diag(M, ..., M), A > 0.

Method of Continuity

Theorem 6. X,Y Banach spaces, Ag, A1 : X =Y bounded linear operators, Ay = (1 —t)Ag +tA; :
X— =Y. Assume 3C > 0 s.t
lullx < CllAwully VYueX

Ag is surjective = A; surjective.

Proof. Injectivity implies A;u = Ajv = |lu—v|lx <0 = wu = v, A; injective. Assume A,
surjective. Let s € [0,1]. Asu = f given some arbitrary f € Y. We want to use Banach fixed point
theorem. That is, construct mapping ¢ : X — X s.t ¢u = u.

Apu = fﬁAsu‘i’Atu =f+ (t*S)(Al on)u

u= A7 f 4 (t — ) A7 (AL — Ag)u =: ¢u

l6(u = v)llx = [I(t = ) A7 (A1 = Ao)(u = v)|lx (40)
< [t = sl AT 1A = 1 = Ao|| [lu — vllx (41)
(42)

sufficient condition: )
[t —sl <5llA - Aol AT

1A = sup A7 fllx/I1f Iy < sup Cl£lly /Il flly = C
rey !



Schauder Estimates
We will use method of continuity with X = C2%(Q), Y = C%%(Q).

Lu=f inQ
u=~0 on 0N

idea: Localization, freezing coefficients, estimate the error (L — Ag)u, partition of unity :
UBi20 xieC™1), } xi=1inQ
i

L — Ay = A(zg) from var to constant coeff. We now estimate

lullx = 1) xullx < Ihaullx < CY A xiuly

<CY ILxaully +C Y [A(@:) — Apully + | Bxaully

<Y |LullY +[[(Lxs — xiL)ully + [[A(z:) = Alxaully + [ Bxiully

<C|Lully

Lecture 18

Motivation from Last time
L= Z aijaiaj + Z bzaj + bo
i [

Assume a;j, b € C*(Q). Ja > 0 s.t T < T AE, VE € R™. Aiming for
[ullgz.e < CI[(1 = #)A + tL]ullce
(continuity of operators)
A= (1 -t +tA = TAE> (1 — )¢ + ateTe > min(1, a)eTe.

sufficient is to show
[ull 2.« < Cf|Lul|ca

with C mildly dependence on L. Recall

ulz) = / B —y)f(y)dy, feC(B), Gc B

B:dyu(x) = / @) — F@)0:0; B — y)dy — f(x) / V0B — y)d"

OB
and u € C(Q) N Cl(Rn), Au = f m Q, ||u||cz(Q) < C”fHCﬂ(B)

9;0;u(x") — O;u(z) = f(x)/

0B

viOi[E(a’ —y) = E(z —y)] + [f(z") - f(2)] / vid E(x' — y)+

0B



/

consider the midpoint between z and T and take ball § = [z — /| T = 4=

+/ 7[f(y)*f(m)]K(x—y)dy+ (x> 7)
B;s(T)
0:0;E(x —y) = K(z — y)

@) - f(@)] /

| K(o—y)dy+ / ) - f@E (@ - y) — K(2' — y)ldy
B/Bs(x)

B/Bs(7)
Q= BR(Z)7 B = B2R<Z)

we find bounds

_ /
|z nm 08|

<l ol [ 0B - ylay <
oB R
where R is the distance between 92 and 0B where B D Q and y € 0B

|z — /|

<C

< '

|I2| < Cv

L] < / Flaale =y
B;(T)

if y was outside ball then |y — z| > Cly — T

< Clfln / e — y|*
Bss/2(x)

< Clfle,ad®
[ Ls] < Clflar,a0”

|Is| < C+| v; iB(x —y)d" 'y < C
o o

5ol < [flarar [ 1y =17l = 0K (¢ - ldy
ol
< [f]wﬂa'x_aj/‘ dy
B/Bs(z) 1€ — yl"H

Clflar e — 2| / ly— 2| dy

Clflarad / L ALl /%
5

S C[f]m’,aééa_l

SO

|0iju(z) — Oju(a’)| < C(|f(@)6% + [fla,ad® + [flar,ad®)

= |ulc2.a) < O fllca()



up to boundary

Half annuluis on upper half space.
R} = {z € R"|z,, > 0}
Bf =B,NR}

By = Br, By = Bagr

¥ = BynN{z, =0}
z€ B

00ju(e) = [ 110) - F@IK(@ )y~ (@) [ vdibe - )y
By oBF

v; has nonzero comp upwards on sigma so

j#n: /2...20

i #n: by symetry /Vj& = /Vﬁj
n—1

same as the interior case.

i=j=n: Au=f = aiu:f—Zafu
i=1
n—1

Oulea sy < | floass) + D 107Ul cagst

i=1
< Clflengssy = Wlenagst) < Clflongss)
Theorem 7. u € C?(By) N C(By), f € C*(By), Au= f in By
— we C2(By) andllullcre (Br) < Cllulleqsy + I1flce(s)

Proof.
w=Exf = Aw=finBy, v=u—w = Av=01in Bs.

lwl|g*(By) < C|l flce(ss)
[vllcz.a (B1) < Cllvlles,) < Cllulles,) + Cllwlles,)
which Cllw||lc(s,) < Cllfllc(s,)

Lemma 2.
XcYcz

Banach spaces that are contiuously embedded :

lully < Cillulx — ullz < Callully
with X compactly embbded in'Y :

{u € X||lu|lx <1} is compact in' Y

= Ve > 0,3C(e) > 0st
lully <ellulx +C(lulz  YueX

10



Lecture 19

Last time
Theorem 8. u € C?(By) N C(Bz), f € C¥By), Au= f in By; B; :== Bir
= u e C**(By), |ullczas,) < Clulles,) + [1fllcas.))

where C' depends on R.

luloz.o () < CRT2™ullo(Bany + B flloss) + 1 flloeB.r)
Analogy: dimensional transformation
r=R: RQ=Q a(i)=u(Ri)

_ lu(R7) — u(Ry)| lu(z) — u(y)| ta
Ul parey = SUp = ——————"2 = sup ———— = RTu|gam@
| |C (Q) & |:v—y\a P Ra\x—y|°‘ | ‘C Q
[ulc2.o(Br) = B2 lit]c2.0(p,) < Const - R727(||llcpy) + B2\ fllosy) + BEIflce(s,))

= ‘R_Z_a(”u”C(Bwa) + R2||f||C(BzR) + R2+a|f‘CQ(BzR))

Observation:
x = ¢(&) coord transformation

2 =9l < 10(2) — o) S 1T =gl = |ulce(@) = [ulca(gy
X~Y = XSYSX
We provied for upper half annulus that u = FE * f
||U||c2’a(31+) S ||f||ca(32+)
Theorem 9. u € C?(By) OC(?;), feC*Bf), Au=fin By, u=0on¥

= ue C*(BY) and ”uHCZﬂ(Bf) S ||UHc(B§r) + ||f”ca(B;)

w(zx) = / E(:z:—y)f(y)dyf/ E(x—y")f(y)dy  y* reflection about X—(base of upper hal f annulus)
B

= Aw=finBf, w=00n%
v=u—w = Av=0in B, v=0o0nX.
[vllcaa (BY) < lollc-2) S llulles,) +Hlwles,)
———
<conul|

c(BY)

take f*(y) = f(y*) forye By  fx(y)=fy)ye Bf US

11



Bf B2
1 lem) <MW flewssy 1 lcas) < Ifllcast)
@ =S W D= I@] e @I, e
|z =yl [z —y|* |z —y*[*
O
Lemma 3. X compactly embedded in Y continuously embedded in Z Banach
Ve >0, 3C(e) > 0 s.t |lully < €|lullx + C(e)||ullz Yuel
Proof. Let € > 0 be given. I{u,} D X, |Junllx =1, st ||unlly >e+nlullz neN
Up = u  inY, |luyllz < %Htu =0 = |lu—upllz <Cllu—uylly -0 = u=0 but
lully > Junlly — lJu — unlly > € — |Ju — un|ly contradiction.
O

v (@) —uv(y)] < lu(z)o(z)—u(y)o(y)|+|u(y)o(z) —u(y)o(y)] < fulcale—y|*[o(@)[+|u(y)|v]ox|z—y[*

= |wv|ca < |ulcalv]co + |ulcolv]ce

Global Schauder Estimates

L:Za”az(%‘FZblaZ‘sz, aij,bk ECQ(Q).
A+ B
Let y € Q interior. Ay =" a,;(y)0;0;. r > 0 is such that By, C
lullcz.asy S 2llulles,) + 7~ 1Ayulloe,) + 1Ayulce s,

[Ayullosyy < I1Lulles,) + I(Ay — Aullos,) + | Bulle(s,)
|Bullc < [[bidulle < l|bllcllullcr

1Ay = Aulles,) < Wai(y) — ai)0*ullows,) < laijllellullos,)

aij(y) — aiz) S % aijllce
|[Ayulca(sy) S [ Lullco B, + [[(Ay — Aullce + [[Bullce
[ Bullce < [Ibr|loa[lullcra

[(Ay — Aullce < llaij(y) — aijlloallulloz + llai;(y) — aijllcllulloze S llullez +r¥(lullcz.a(s,)

choose r small enough, u € C3*(B;) —

[ullcz.a S [ Lullce + [lullc2
lullc2 < ellullcz.e + Cle)[[ulle

12



Lecture 20

Last time
L= a;00; +> bidi+by ai, by € C*(Q)
Theorem 10. y € Q Ir > 0 small such that
lullcz.o (s, ) S ILullces, @) + lullc2s, ()

for all u € C2(BY).

Lemma 4.
||Uch,a(Bl+) S ||Au||ca(32+) + H“”c(B;)

u€ C*(BS)n C(?;), u=0 on X. : upper hald annuli with base ¥

Definition 4. we say 90 € C** is Yu € 0Q 3U, nbhd of y and 3¢ : U, — By s.t ¢ € C>*(U,),
3¢t By = U, ¢~ € C2%(By) and ¢(U, N Q) = B, (U, NON) = B — 11\0B;.

Theorem 11. 9Q € C%%, y € 9Q U nbhd of y such that
lulloze@w+) S [Lullca@w+) + lullcz@w+)
Ut=UnNQVYueCy*(U), u=0 onUNIN
Proof. By definition, 3¢ : Uy, — By; U, = ¢~ 1(B,) (r < 1)
u € C>*(U,), u=0 ondQ

el ooy S Nellea sty S lellogss) + [Ayulos (B + 7| Ayull o sy
W) (BY) (BY) )

—for r > 0 sufficnetly small

lullczayry S 1HEullga sty + llullo2 @
(wh) () )

Theorem 12 (Shauder 1934). Q C R™ bdd domain, 9Q € C*<, 3C > 0 s.t
[ullza () < O(|[Lulloa(e) +lullo@)  Yue C?*(Q)  u=0ondQ

Proof. Yy € Q let U, be nbhd of y s.t local estimates holds {U,} open cover of Q. choose a finite
subcover {U;}. we have {x;} (partion of unitiy ) subordinate to {U;}

xi : R*" = [0,1] x; € C(U;) ZXZ- onQ)

U =U

3

[ullcza@) =1 ) xiulloza@) < [IXiullgzoa oty + XUl G2+
uh (ChD)

S D (Ll gaury + [ulEU)) S D (ILulloage + lullez@) S Lulloae) + lullox@)

K3

13



Iellos sy S lullgs o
Lxiu = xiLu+ (Lx; — x:L)u (firstorder)

[Lxullo S lIxiLullos + [ullore S ([ Lullce

= |lulle2e@) < Ol Lullce (@) + llullex @)
[ull o2 (Q) < ef|ufl g2 + Ce)Julle

O

for method of continuity we need |ul|cz.« < ||Lulce. In general the extra term +||u||¢ is unavoid-

able because for example

u=20

{Au—l—ku:O

has non trivial solution.
Maximum principal: -
bo Lu>0 inQ wecC*Q)NCQ)

= supu < supu
Q o0

Proof. Lu > 0in Q. Q3 y s.t u(y) = supg u hence Lu < 0(Au < 0). Define u, = u + ee**

Corollary 1. bp <0 Lu >0 = u < maz{0,supyq u}

Proof. Ot = {z € Q : u(z) > 0}
Lou = Z aij&-aju + Z b;0;u > —bgu > 0

in QF
= supu < sup u < max{0,supu}
ot o0+ o0

Corollary 2. by <0, Lu=f = |u| <supyq [u| + C||f]lco-

Proof. Choose A > 0 such that
Loe™™ > e’ >y

a1 e 1L 4hre Tl
for some v > 0. Let
M _ Ao
v(x) = sup [u| + ————|| ]l
o0 v
Lv < Lou < —| flls
Lu+v)<f—|flc <0 u4+v>0 onQ
Li—u4+v) < —f—|[fllo <0 —u+v>0 ondQ
= Ju| < v =supyq [u| + C| flloo-

Ifbo <0 : Jlullczeo) S [[Lullcaq)

14



Theorem 13 (Shauder). by <0 9Q € C*“ f € C%(Q). Then there exists unique u € C*(2) N C(Q)
such that

Lu=f inQ
u=0 on 0f)
moreover, u € C**(Q) and ||ullca) S || fllc= (@)
Proof.
X ={u e C*(Q)| u=0on 00N}
yeC(Q)
O
Lecture 21
L= Z aij&@j + Z b;0; + by
where {a;;}i; symmetric positive matrix.
Theorem 14 (Schauder Regularity Thm). Let a;j, by € C*(Q), 0Q € C**, f € C*(Q), by <O0.
= e C*(Q)NCQ) s.t
Lu=f inQ
u=20 on 0f)
In addition, |[ull2,a;0 < || fllase
Implicitly assume:
Theorem 15 (kellogg). 9Q € C*<, f € C*(Q), u € C*Q)NC(Q) satisfies
Au=f in
u=0 on 0f)
= ue C*(Q)
sketch. Strategy:- first prove for balls then apply Schauder regularity theorem for balls. O
Inhomogeneous Dirichlet Boundary Condition
Definition 5. We say g € C%(99) if Jv € C**(Q) s.t
voe =9 and |gllz,a.00 = {lvllz.aa : vloe = g} (43)

Corollary 3. f € C%(Q), g€ C*¥(9Q) = Tue C?*(Q)NCQ) s.t

and |ullz,e:0 S [ fllose + llgll2,0:0

Lu=f inQ
u=g on 0f)

15



Proof. Let v € C%%(Q) s.t v|aa =9, ||v]l2.a < 2l9ll2.a

- and  |wlz,o Sl + V]2,

0 on 08
U=v+w
[ull2,a < [[Vll2,0 + [wll2,a
Meaning;: - -
F(u) = (Lu,ulpq), F:C**(Q) — C*(Q) x C**(90)
[P <1

Elliptic Estimates in Holder Spaces
N e Ck+27aa Qg bk} € Ck,(x, -

[ullkrz.a S I Lwllka + llullk
Proof. For L=A, k=1

[0ullz,a S [AQulla + [[Oullc S [|Aull1,a + [[ull

Elliptic Regularity in Holder spaces
00 € Ch+2a g by feChe, ge Ch2e90), ue C2(Q) NC[Q)

= u e "2 (Q).

Lu=f inQ
u=g on 0N

Proof. For L=A+1d, k=1:if v = ;u € C?, it should satisfy

sz@if—aiu e 0
v = 0;g on OS)

solving for v, we get v € C*(Q). Let d,u be finite difference approximation of d;u

u(x + he;) — u(x)
h

Adhu = 5hf — 6;Lu

dpu(z) =

Subtract (45) from (44)

A(v —o0pu) = 0if — Onf + dpu — diu  in Q
v — 0w = 0;9 — Opu on 09

[0 = dnulloc S 10if = Onflloc + 10:9 — Snulloc — 0.
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Meaning: solution is as regular as the data allows. In particular, if everything is smooth, then
solution is smooth. E.g

Lu—Xu=0 i
u=~0 on 00

and L is C®, 00 € C® = ue C™.

Interior Regularity
aij b, f €CH* we C?% Lu= fin By, CQ = u e C*29(B,).
Proof.

— v e C>(B,).
v = 0;u on 0B, Y (Br)

Adpu = O f — Spu in Bo,.

{Av = 9;f — O in Bar

= [Ju = dntllcc S0if — Onflloo + 10t — pulloc + ||05u — dnullc(an)-
O

Case by > 0: In general, L is not invertible with homogeneous B.C, but L — AId is invertible for
sufficiently large A9 > 0. A — kx = (L — M d) ™! is called the Resolvent of L. When it exists,

Ky 1 C*(Q) — C**(Q) cc C*(Q)
so ky : C% — C?* is compact.

(L=MNu=f—- S u=rrf— A u< (Id— Aex)u = kprf

Lecture 22
F = Id + Ak is Fredholm ie. k = dimker(F) < co r = codimrange(F) < oc.
Theorem 16. f € RangeF if and only if < f,v >=0 for allv € KerF*. Index F =k —r

Direct Ferdholm approximation:

Theorem 17. X CCY, A: X — Y bounded linear, 3¢ > 0 such that
IXlx < C(lAz]ly + [IX[ly) VzelX.

= dimkernel A < co range of A is closed.

Au = (Lu, 0,u)
A CP¥(Q) — CY(Q) x CH(09)

lull2.0 = [[Lulla + |10yull1,a:00 + [[ulla

Neuman-Laplacian is Fredholm of index O.
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Spectral Theorem for Compact Operators

X infinite dimensional Banach space, K : X — X compact. I{pr} C C s.t g — 0 (po = 0) s.t:

(uId — K)~1 bounded if p # py, for all k.
1 <dimKer(uld —k) < oo for all k > 1
1 < dimker(K)

Lecture 23— The Heat Equation

Consider
Ou=Au: y, = Ay

Heuristic argument: Parabolic equations are infinite dimensional limit of elliptic equations.
N -1
Au = afu + ——0u+ ALu
r

taking N — oo. More precisely,

2
02 = WGT—&— 25,

2N 2
Au = —62u+ 8u+ o-u+ ALu

N2°T

= ﬁﬁgu +20;u+ ALu
N — oot = —7).
Cauchy problem
{atu =Au inR"xRy; Ry = {z >0}

u=g on R"

Heat kernel:
E(z,t) = 0(t)(4nt) "/ 2e~lol/4t

E € C¥(R™ x Ry). Equation is invariant under transformation:
t > Nt

T At

u(z,t) = ¢(|z|*/t)
find radial solution for ODE to find kernel.

Definition 6.

Heat propagator.

18



Theorem 18. g € C,(R"), define u : R™ x Ry — R by heat propagator
ul(z,t) = (" g) ()
then u € C®(R™ x Ry) and dyu = Au in R™ x Ry. Moreover,
et®g — g locally uniformly as t — 0 and

[ulloe < llglloc

Proof.
OF=AFE inR" xR,

We use the fact that
/E(x,t):L E>0FE(z,t)>0ast—0ifz#0
let
r—y
2/t Y
d"y = (2vt)"d"z

u(x, t) = (4m)*”/2/eflzlgg(a: — 2V/tz)(2V1)"d" 2

_ _ 2
<7 gl [ € dz = gl

]
—-n/2 ‘l‘|2
O =Du,  Ea,t) = 0)(4mt) " eap(— )
0(t) = {1 t>0
0 t<0

u(e.t) = [e2g)@) = [ Btz - .09y
Theorem 19. If g € C,(R™), then u € C*(R™ x R}) and dyu = Au in R™ x Ry
etg—gastl0, [lulleo < gl

Some notes on the hear propagator operator:

g u: Cy(R™) = Cy(R™ x Ry) is bounded. One needs |g(z)| < Ce®l*I” to ensure integrability
under the heat proagator defined above. The formula is useless for ¢ < 0. Moreover, the heat
propagator has a smoothing effect; irreversible effect. Disturbances propagate at oo speed.
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Duhamel’s Principal

If uy = Lu, u|t=g = g is solved by u(t) = S(t)g, then u; — Lu = f, u|t=o = 0 is solved by

u(t) = /O S(t— 8)f(s) ds.

otherwise known as Duhamel’s formula (DF).

We know [, E(x —y,t)g(y)dy solves u; = Au, ul;—o = g. Duhamel says
oo
/ E(x—y,t —5)f(y,s) dyds
R7l

solves uy — Au = f, ult=0 =0, (f(y,s) =0 Vs <0).

Rigorous Treatment
Suppose Oyu — Au = f in R™ x (0,T).
I =[e=%u(s)](z) = E(xz—y,t—s)u(y,s)dy; (O0<s<t<T)
Rn
assume u € Cy(R™ x (0, ].

ol oF ou
95 */n Eu(y,S)dy+/RnE%(y,S)dy
——

| Sl ——
Ae(t=9)2y(s) f+Au

/E(:z:fy,tfs)Au(y,s)dy:/AEou

By Greens 11 vanishing boundary terms by taking very large ball.

Assume the following with 0 <a <b<T
u e CEHR™ x (0,T)),

0?u € Cy(R™ x [a, b)),

Ou € Cp(R™ X [a, b]).

We have
= () — / i E(z —y,t—s)f(y,s) dyds

a0, b1 t. RHS holds provided f € Cy(R™ x [0,¢

(=05 (q) = / E(x — .t — a)uly, a)dy
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[taking balls to attain local uniformly: more detail] Note that[u(y,a) — u(y,0)] is continuous so
u(y,a) = u(y,0) locally uniformly, but since our integration domain is infinite, we take a compact
domain and we have the convergence and outside the ball, we use the decayness of E to ensure the
convergence outside the ball

=08y () — / Bz -yt — bu(y, t)dy (59)
- / E(x — .t — buy, )dy + / B(x —y.t —D)[u(y.b) —u(y,Dldy  (60)

Theorem 20. Let u € CHR™ x (0,T)) N C2(R™ x (0,T)). Furthermore, assume u € BC(R™ x
(0,b]), Vb < T. Also, assume u € BCY(R™ x [a,b]) N BO?(R™ x [a,b]), Ya,b € (0,T). g € Cyp(R™).

{atu —Au=f R"x(0,7T) (61)

u=gy R™ x {t =0}
Then,

t
u(t) = et g + /e(t_s)Af(s)ds; 0<t<T) [DF]
0

In particular solution to (61) is unique in the class considered.

Theorem 21. g € Cy(R™), f € Cp(R™ x (0,8]) NCL(R™ x [a,b]), (0 <a<b<T). Then (DF) solves
(61) on (0,7).

Proof.
¢
Ou = Ae'®g + f(t) + /Ae(t_s)f(s)ds (62)
’ t
=ft)+ A [ePg+ /e(t_s)Af(s)ds (63)
(64)

To justify taking the Laplacian out from under the integral we need the following:

2
|z]

e i e Ay g |2VE

IO e
OE~E- "~ B,

t
/AE-sz/ VE Vf

(t—s)=1/2
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Lecture 24

Last time— Duhamel’s Principal

Essentially a formula to solve the inhomogeneous heat equation: Let g € Cy(R™)
FEC,R" x (0,t]))NCHR™ x [s,1]) O0<s<t<T.

We have

solves the heat equation
Ou—Au=f nR"x(0,T)
u=g on R™ x {0}

Systems

Let
u, f:R" x (0,T) - R™, ¢g:R"—=>R™

and consider

t=1,....m

Opu; — Auy = fi
U; = gi

where explicitly the solution is

t
ui(t) = e'®g; +/ eB=IAfi(s) ds, i=1,..,m.
0

we write for simplicity

¢
u(t) = e'®g +/ =8 f(s) ds.
0

We define the Cp(2,R™) by

[ulloo = max [[will oo
Nonlinear Reaction-diffusion Equations

{atu — Au = f(u) where f:R™ — R™, (65)

u=g
Example

v — Av = u where f([u,v]") = [(u = v)*, ue]"

{&Au (u — v)3

We have solution .
u(t) = e'™vg + / =92 f(u(s)) ds < u = é(u) (66)
0
We attempt to iterate since u; are arguments of f so for uy,us, ... where we hope that uiy — u, with
u solving (65).
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Lemma 5. Let g € C,(R"), f € Ct, ue Cp(R™ x (0,T)) solves (66), then u also solves (65).

Proof. If u € C}H(R™ x (s,t)) V0 < s < t < T. Then its obvious because f o satisfies the conditions
of Duhamel.

9; (2 f(u(s))) = O((t — s)"Y?)  [previouslectureargumenton Lap]

= Oju satisfies "Duhmael®“. We use X = C,(R™ x (0,T)) for T > 0 to be chosen later [to insure
contraction, we aim to use Banach Fixed point Theorem]. For some large M > 0 such that

U=BycCX.
l=etPyg.
lé(u(t) — 1B)lloo < / 192 £(u(s)) oo ds (67)
0
< / 1£(u(s))lloo ds (68)
<t-a Yué€ By, (69)

where o = supy, < | f(v)]. Now, u € Byy € X
[o(u) =l < Tax
(w)llse < oo + T < [lglloc + T
Choose M > 2[|g|los. T < Ul

[e3%

= ¢(u) € By for u € By

which asserts the invariance of the ball. Now we need to assert contaction:

[o(u(t)) = ¢(v(t))[loo < /O =2 [ (u(s)) = f(0())]lloc ds (70)
S/O 1/ (uls)) = f(v(5)lloo ds (71)

analogy with the Mean Value Theorem
fla) = f(0) =f'(E)a—b) &€ (ab)

we have
fila) = fi(b) = Vfi(€) - (a = b)
E=0a+ (1-06)b, 6 €]0,1], so returning to our problem

[6(u(t)) — d(v(t))]leo < /0 Blluls) = v(s)lloo ds < Bt|lu = vl

where
B = sup max|0; fi(v)],
lo] <M BE
= l¢(u) = ¢(v)]loo < BT |lu— vl|oo
choose T' < % and we have existence on (0,7). 0

Theorem 22. Let g € C,(R™), f € C'. Then 3T > 0 s.t (65) has a solution u € C*(R™ x (0,7)) N
C2(R™ x (0,T)). It is unique in the class considered in Duhamel. Moreover, unless |u(z,t)| — oo as
t — T as some x € R™, u can be continued beyond T'.
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A Prioi estimates:
If u is a solution on (0,7) then

Julloe < ¥(T)

lull2 < ()

IVul| <oo Jorsomed:Ry =Ry
\,_/

more critical

lull < o0

Lecture 25

Maximum Principles

Let 2 C R™ bounded domain. 0 < T < oc.
L= Zam&»@j + Zbﬁl + bo
1,7 7

aij, by € C(Q), L elliptic. @ =Q x (0,T) and 9,Q = Q x {0} UIQ x (0,T).
Theorem 23. u € C(Q) N CLC%(Q)

{ut —Lu<0 inQ

u<0 on 0,Q

— u<0in @

Proof. Suppose M < oo such that supg, [b,| < M and u > 0 at some point in Q
= v(x,t) = u(z, t)e ™M

has positive maximums in Q U Q x {T'}

8tv Z O, 6i1} = 0, Z aij@i(’)jv S 0

o
Ov — Lv > bgv > —Mwv
O — Lv = dpu - e Mt — Mue ™" — e MLy (72)
< —Mue ™™t = —Mvy (73)
O
Uniquness

Ou—Lu=f inQ
u=g on 0,Q

has uniqueness in C(Q) N C}C%(Q).
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Maximum Principal in R”
Figure needed. E(z,7) = E(iz,) = (477)~"/2€l*I’/47 satisfies
0.F =—-Af

and
OF = AF

Define v, = u — ¢F. Assume: s
|u(z, t)] < Mool

then,

. elzl?/4(r+6)
c° < if |z| large.

(1) < Meolal? _ €€ T
vele ) < Me (7 +0)"/2 =

if u <0 at {t =0} then
Ove — Ave = u — A <0

then by maximum principal we have

ve <0 in R"™ x (0,T) Ve > 0.

SO
u<eF —0 ase—0.
O
Allen-Cahn
O = Au+ u — u?
Consider
Au = Au + u?
compare with
B = v?
by taking difference w = u — v
w>0 = u>v
lu 2 2 4
udyu = 8t7 =ulAu+u® —u (74)
1
= §A\u|2 — |Vul? +u? —u? (75)

since V(uVu) = |[Vu|? + ulAu

Alu)®* = V3(u - u) = V(2uVu) = 2|Vu|* + 2ulu
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